Let V be a homogeneous space with respect to a connected algebraic group G and (A, a) an Albanese variety of V. Then, for any points a and a' of A, a~\a) is a homogeneous space, of dimension = dim V -dim A, with respect to the maximal connected linear normal algebraic subgroup L of G and there exists an everywhere defined birational transformation of a~ι(a) onto a~\a'). We have (a) dim A = 0^1/ is considered as a homogeneous space with respect to a connected linear algebraic group ^ The isotropy group of any point on V contains D (where D is the smallest normal algebraic subgroup of G giving rise to a linear factor group); (b) dim A = dim V <=> V is considered as a homogeneous space with respect to an abelian variety <=> The isotropy group of any point on V contains L. More generally, for a connected normal algebraic subgroup N of G, we can define a quotient variety W N of V by N with a natural mapping ψ N and then, for any points Q and Q' of WN, <P~N 1 (Q) is a homogeneous space with respect to N and there exists an everywhere defined birational transformation of ΨN~{Q) onto φΊr'iQ 1 )* When N = L, there exists a bijective birational mapping of W L onto A and (Wz, ΨL) is an Albanese variety of V. On the other hand, when N = D and V is complete, W D is a rational variety and φΊί{Q) is birationally equivalent to the direct product of an abelian variety and a rational variety. In the case where the definition field k of the homogeneous space V is finite, there exists a homogeneous space W with respect to L, defined over k, such that we have (the number of rational points on V over k) = (the number of rational points on A over k) X (the number of rational points on W over k). In particular, if V is complete then the conjecture of Lang and Weil on the zeros of the congruence zeta-function of V follows from the above result.
It is known as the structure theorem of Chevalley (cf. [7] ) that a connected algebraic group G has a maximal connected linear normal algebraic subgroup L such that the factor group G/L is an abelian variety. One can prove this by considering the relation between G and an Albanese variety of G; i.e. L is characterized as the inverse image of a single point on the Albanese variety by a canonical mapping (cf.
[3] and [7] ).
In this paper, we shall consider a homogeneous space V with respect to a connected algebraic group G, i.e. an algebraic variety V on which G operates regularly and transitively (cf. [7] ) and prove some analogous results. Let A be an Albanese variety of V and a a canonical mapping of V into A. We shall show that, for any points a and a! on A, the inverse image or\a) is a homogeneous space with respect to the maximal connected linear normal algebraic subgroup L of G and there exists an everywhere defined, birational transformation of a~\a) onto ar\a f ). (Theorem 1) Then we shall give some necessary and sufficient conditions for (a) dim A = 0, and for (b) dim A = dim V. (Theorem 2) Next we consider a connected normal algebraic subgroup N of G and a homogeneous space W N with respect to G/N, which will be defined in the beginning of § 2. There is a natural mapping φ N of V onto Wjsr. We shall show that, for any points Q and Q' on W N , the inverse image ψ^\Q) is a homogeneous space with respect to N and there exists an everywhere defined, birational transformation of Ψ>N\Q) onto φj\Q r ). (Theorem 3) There exists a bijective birational mapping of W N onto A when N = L. Finally we shall show, using these results, that the problem of counting the number of rational points of homogeneous spaces over finite fields is reduced to the case where the transformation groups are linear. (Theorem 4) V being a homogeneous space with respect to a connected algebraic group G, we shall denote, for any point (g, P) on G x V, the point of V obtained by operating g to P with gP. Also, for an algebraic subgroup K of G, we denote by π κ the canonical separable mapping of G onto the quotient variety G/K. If K is normal in G, then π κ is a rational homomorphism. Let k be a field of definition for V, G and the operation of G on V; moreover, we assume that there exists a rational point P o on V over k. We denote by H the set of all the elements g of G such that gP 0 = P o and call it the isotropy group of P o (in G). Since H is the inverse image of P o by the rational mapping g -> gP 0 of G onto V, H is a fc-closed algebraic subgroup of G. Then, from the definition of quotient varieties, there exists a bijetive rational mapping of G/H onto V. When the characteristic of k is positive, this rational mapping is not necessarily birational, i.e. g being a generic point of G over k, k(π Π (g)) is a finite, purely inseparable extension of k(gP 0 ). Let L be the maximal connected linear normal algebraic subgroup of G and D the smallest normal algebraic subgroup of G giving rise to a linear factor group, which are assumed to be defined over k (cf. [7] ). D is contained in the center of G. We assume that an Albanese variety A and a canonical mapping a of V into A are defined over k. By a suitable translation if necessary, we may assume that α(P 0 ) = 0 (the identity element of the group A). Since V is nonsingular, a is everywhere defined.
1» Albanese varieties of homogeneous spaces* Let g be a generic point of G over k. Then we have k (g, gP 0 
Hence we can define a rational mapping β of G into A, defined over k, by the relation β(g) = a(gP 0 ).
Then we have β(g') = a{g'P Q ) for any point #' on G. We start with several lemmas. LEMMA 1. β is a set-theoretically surjective rational homomorphism of G onto A and a is a set-theoretically surjective rational mapping of V onto A.
Proof
Denoting by e the identity element of G, we have β(e) = a(eP 0 ) = oc(P 0 ) = 0 and so β is a rational homomorphism. For any point a on A, there exist some points P l9
, P t on V such that a = a{P x ) + + a{P t ). We have P< = ^P o with some & in G and so α(P<) = ct(giPo) = £(&). Then, as /S is a homomorphism, we have a =
COROLLARY.
TFβ have the inequality dim A ^ dim V. Proof. Let ikf be the kernel of β. Since we have β(h) -a(hP 0 ) = = 0 for any point h on H, we have Lίί c M. Let </ be a generic point of G over k. Then, with a suitable power q of the charac-
is an abelian variety with (π LH (g)) 
On the other hand, since β induces a bijective rational homomorphism of G/M onto A, we have
Hence k(π LH (g)) _is purely inseparable and separable over k(π M (g)) and so we have k{π LH {g)) = k(π M {g)), which implies that LH = M. Now we define the operation of G on A by g o a -β(g) + a for any point (g, a) on G x A. Then, by Lemma 1, A is a homogeneous space with respect to G and the mapping a commutes with the operations of G on V and A, i.e. we have a(gP) = goa(P) for any point (g, P) on G x V. In fact, denoting P = g'P 0 with some g' in G, we have a{gP) = /3(^') -/%) + /3(</) = /3(g) + a{g'P Q ). Therefore we can apply Proposition 1 of Rosenlicht [7] to the homogeneous spaces V and A and we have the following results. Let Γ Λ be the graph of a in V x A. Then, for any subvariety I of 4,7 = pr F ((F x X) Γ*) is defined and has the dimension = dim
Moreover the point set of Y coincides with the set-theoretical inverse image {Pe V; a(P)eX} of X by a.
For a point a on A, we denote by W(a) the set {Pe V; cc{P) = <x}, i.e. the set-theoretical inverse image of a by α. Then, by the above results,
We take an element g a of G such that /9(g α ) = a (see Lemma 1) . For a point P = gP 0 in ΫF(α), we have β(g) -a{P) = α and so, by Lemma 3, g is in the coset g a LH, i.e. we have 0 = gJh with some £ in L and & in H; so we have P = g a lP 0 . Conversely, for a point P = #JP 0 with some I in L, we have a(P) = /3(#αO = β(ί7α) -
Hence, as L is normal in G, we see that W(a) coincides also with the point set
irreducible subvariety of V and is a homogeneous space with respect to L. Since TF(α) is the image of a linear algebraic group L by a rational mapping, it has a trivial Albanese variety (i.e. the irregularity of W(a) = 0). For any points a and a! on A, it is easily verified that there exists an everywhere defined, birational transformation which maps W(a) onto Tf(α'); in fact, gJP Q -> (g^g'tya^ = g a lP Q is such a transformation. Finally, if U is an irreducible subvariety of V, which is a homogeneous space with respect to a connected linear algebraic group, then, as U has a trivial Albanese variety, a(U) consists of a single point and so U is contained in W(a{U)). For a connected algebraic group G, we have easily the following results (cf. [7] ):
Now we prove analogous results for homogeneous spaces. 2* Quotients with respect to normal algebraic subgroups* Let N be a normal algebraic subgroup of G, defined over k. Then, by [7] , Noperates regularly on Fand the algebraic factor group G/Noperates on the variety W of iV-orbits on V. It is easily verified that W is a pre-homogeneous space with respect to GIN. Then, by a theorem of Weil, there exist a homogeneous space W N = W with respect to G/N, which is birationally equivalent to W over k, and a generically surjective separable rational mapping φ N = φ of V to W, both defined over k, which have the following properties: g and P being independent generic points of G and V over k, we have φ{gP) -π N (g)φ(P); if we have φ(Pd = φ(P 2 ) for generic points P λ and P 2 of V over k, then we have P 2 = gP x with some g in iV. 4 The homogeneous space W with respect to G/N is also considered as a homogeneous space with respect to G by the operation gQ = π N (g)Q for any point (g, Q) on G x W. Then, as we have φ{gP) = gφ(P) for independent generic points g and P of G and V over k, we can also apply Proposition 1 of [7] to the homogeneous spaces V and W and we have the following results on W and φ. φ is an everywhere defined, surjective separable rational mapping, defined over fc, and, for any point (g, P) on G x V, we have π N {g)φ(P) = ff<p(P) = φ(gP). Let Γ^ be the graph of φ in V x W. Then, for any subvariety W x of W, VΊ = pr F ((F x TFO /^) is defined and has the dimension = dim V -dim W + dim TΓi. Moreover the point set of V x coincides with the set-theoretical inverse image {Pe V; φ(P)e WJ of W x by φ.
We show that the isotropy group of φ(P Q ) in G is the subgroup NH. Let g be an element of the isotropy group, i.e. we have gφ(P 0 ) -φ(gP 0 ) -φ(P 0 ) Taking a generic point g* of G over k(g), we have φ{g'gP Q ) -φ(g'P 0 ) and so ng'gP 0 -g'P Q with some n in N. As N is normal in G, we see that g is in NH. The converse assertion is trivial by the definition of the operation of G on W. Hence there exists a bijective rational mapping of G/NH onto W and W has the dimension = dim G -dim NH.
For a point Q on W, we denote by X(Q) the set {Pe V; φ(P) = Q}, i.e. the set-theoretical inverse image of Q by φ. Then, by the above results, X(Q) = pr F ((F x Q) Γ φ ) is a &(Q)-closed algebraic set of dimension = dim V -dim W = dim iVTf -dim H. If P = #P 0 and P' = g'P 0 are any two points on X(Q), then, as we have φ(gP 0 ) = φ(g'P 0 ), g~λg f is in NH and so we have P' = w'P with some n' in ΛΓ. Conversely, for any point P in X(Q) and any point n f in JV, we have φ{n'F) -π N {n f )φ{P) = Q and so n'P is in X(Q). Hence X(Q) is the iV-orbit of any point in it. Now we assume that N is connected. Then, clearly, X{Q) is a &(Q)-closed irreducible subvariety of V and is a homogeneous space with respect to N. Moreover, for any points Q and Q' on W, there exists an everywhere defined, birational transformation of X(Q) onto X{Q r ). Therefore we have the following 3* Certain conditions on transformation groups* It is easily verified that there exists a connected algebraic group G', which is a homomorphic image of G by a rational mapping, such that V is a homogeneous space with respect to G f and G f operates on V effectively. Such a group G' has the several properties which follow from the corresponding properties of G: for example, the connectedness of the isotropy group of any point on V, the solvability of the maximal connected linear algebraic subgroup and the property that G is generated by an abelian variety and a linear algebraic group. Proof. The assertion (1) PROPOSITION 3. If V is complete, then V is considered as a homogeneous space with respect to a connected algebraic group G*, which is the homomorphic image of G by a rational mapping and is generated by an abelian variety and a connected linear algebraic group. If k is a finite field, then we have the same assertion.
. the set-theoretical inverse image of Q by φ N . Then X N (Q) is a k(Q)-closed irreducible subvariety of V, of dimension
Proof. Since D is contained in C the connected component (L Π D) Q of the identity element of LpiD is solvable and so, if V is complete, any element of (L Γ) D) o operates trivially on V (cf. [2] ). Hence V is considered as a homogeneous space with respect to the algebraic factor group G/(L Π D) o , which is generated by an abelian variety and a linear group (cf. [7] ). If k is finite, then G itself is generated by an abelian variety and a linear group (cf. [1] ). PROPOSITION 4. We assume that V is considered as a homogeneous space with respect to a connected algebraic group G*, which is generated by an abelian variety A* and a connected linear algebraic group L*, both defined over k. (This is the case if V is complete or k is finite (Proposition 3).) Then there exist a homogeneous space W* with respect to L*, defined over k and of dimension = dim V -dim A, and an everywhere defined, surjective separable rational mapping φ* of V onto W*, defined over k, which have the following properties. For a point Q* on TF*, we denote by X*(Q*) the point set {Pe V; φ*{P) = Q*} in V, i.e. the set-theoretical inverse image of Q* by φ*. Then X*(Q*) is a A(Q*)-closed irreducible subvariety of V and there exists a bijective birational mapping of an abelian variety isogenous to A onto X*(Q*) For any points Q* and Q*' on IF*, there exists an everywhere defined, birational transformation of X*(Q*) onto X*(Q*').
Proof. By the remark stated in the beginning of § 3, we may replace G* by a homomorphic image G' of G* by a rational mapping, which operates on V transitively and effectively and is generated by an abelian variety A! and a connected linear algebraic group L', both defined over k. Then, as A! is contained in the center of G', we have A! (Ί H f -{e r } {H f is the isotropy group of P o in G' and e r is the identity element of G') and the Albanese variety A! of G r is isogenous to A (see Proposition 2) . We apply Theorem 3 to the normal algebraic subgroup A! of G' and put W* = W^,. Then, as G'/A' is the homomorphic image of 1/ and so of L* by rational mappings, the homogeneous space W* with respect to G'\A! is also a homogeneous space with respect to L*. The dimension of W* is equal to dimG' -dim
Moreover, for a point Q* on W*, X*(Q*) = X Λ ,(Q*) is a homogeneous space with respect to A* and, as the intersection of A' and the isotropy group of any point on V in G' consists of a single element e', there exists a bijective birational mapping of an abelian variety isogenous to A! onto X*(Q*) (cf.
[10]).
COROLLARY. In the case where V is complete, W* is a rational variety over k and X*(Q*) is an abelian variety over k(Q*) isogenous to A.
We consider the case where L is solvable over k. Then there exists a cross section σ of W L to V with respect to φ L (cf. [7] ) and so we can prove that, for a generic point Q of W L over k, X L (Q) coincides with the orbit Lσ{Q) and contains a generic point lσ(Q) of V over k and we have k(lσ(Q)) = k(lσ(Q), Q). Moreover, as a homogeneous space with respect to a connected solvable group L, Lσ(Q) is a rational variety over k(Q) (cf. [8] ). Hence we have the following PROPOSITION 5. If L is solvable, then V is birationally equivalent to the direct product of the Albanese variety and a rational variety.
On the other hand, we have the following PROPOSITION 6. If V is complete and L is solvable, then there exists a bijective birational mapping of an abelian variety onto V.
Proof. L has a fixed point P = gP 0 on V (cf. [2] ) and so L = g~xLg is contained in H. Then the assertion follows from Theorem 2 (b). 4* Rational points over finite fields* Finally we consider the case where fc is a finite field with q elements. In this case, if V, G and the operation of G on V are all defined over k, then there exist a rational point P o on V over k (cf. [5] ) and an Albanese variety {A, a) of V defined over k. Moreover G is generated by an abelian variety and a connected linear algebraic group, both defined over k. For a variety U defined over k, we denote by N k (U) the number of rational points on U over k. Let W* be the variety defined in Proposition 4, which is a homogeneous space with respect to a connected linear algebraic group defined over k. Then we have the following
Proof. We use the same notations as in the proof of Proposition 4, i.e. G' = A' L' is a connected algebraic group, defined over fc, which operates on V transitively and effectively. Here A' is an abelian variety isogenous to A over k and 1/ is a connected linear algebraic group defined over k. For a rational point P on F over h, we have (<p*(P)) (Q) = φ*(P (α) ) = φ*(P), i.e. 9>*(P) is a rational point on W* over &. 7 Hence, denoting by Q*, , Qf (t -N k (W*)) all the rational points on FT* over &, we see that each rational points on V over k is in one and only one X*(Q*)(i = 1, •••,£). Since J8Γ*(Q*) is a homogeneous space with respect to A' defined over a finite field k -k(Qf), there exists a rational point P< on -3Γ*(Q*) over & (cf. [5] ). Then, as the intersection of A! and the isotropy group of P t in G' consists of a single point e r ON ALGEBRAIC HOMOGENEOUS SPACES 535 (see Proposition 2), the mapping a! -> a t P i of A! onto X*(Qf) is bijective and rational over k. So we have N k (X*(Qf)) -N k (A'), which is equal to N k (A), as A! is isogenous to A over k. Hence we have N k (V) = Moreover, if we assume that V is complete and W* is rational over k (cf. Corollary of Theorem 2), then we see easily that the conjecture of Lang and Weil on the zeros of the congruence zeta-function of V follows from Theorem 4 (cf. [6] Mathematical papers intended for publication in the Pacific Journal of Mathematics should by typewritten (double spaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens, at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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